By surface we mean (if the contrary is not stipulated) a two dimensional Riemannian manifold. It is well known that a coordinate system on a surface is called Chebyshev if the first fundamental form of the surface has the form ds 2 = du 2 + 2 cos θ(u, v)dudv + dv 2 .
In the other words, all coordinate lines are parameterized by arc length and θ (u, v) is the angle between coordinate lines.
The Hazzidakis formula (see, for instance [H] , Lemma 2.3 of section ??) shows that Chebyshev coordinates may not exist on a complete simply connected surface with | KdS| > 2π. Here K is Gauss curvature and S is surface area.
Our purpose is to find necessary and sufficient conditions for existence of Chebyshev coordinates. We consider not only Riemannian manifolds but also more general Alexandrov surfaces (which are called "2-dimensional manifolds of bounded curvature" as well). This class includes 2-manifolds equipped with Riemannian or polyhedral metrics and their uniform limits under condition that integral curvatures are uniformly bounded and limit does not destroy topology; see details in [AZ] or [Resh] . P. L. Chebyshev proved local existence of his coordinates (he did that under traditional for that time analyticity assumption). The first nonlocal result belongs to I. Bakelman. He proved existence of Chebyshev coordinates in any sector bounded by two orthogonal geodesics on an Alexandrov surface under condition that positive and negative integral curvatures both are less than π 2 . It is easily to see that for sector, this result can not be improved.
Much later, a similar result but only for C ∞ -smooth Riemannian manifolds was proved by S. L. Samelson and W. P. Dayawansa [SD] : under the same curvature restriction, they proved existence of a global Chebyshev net on every complete simply connected C ∞ -smooth surface. Their proof is basically analytical. It is known that the existence problem of Chebyshev coordinates can be reduced to the problem of existence of a solution for some hyperbolic PDE system of the second order. In [SD] , this system is solved by the method of the paper [LSh] .
Remark. Formally, the I. Bakelman theorem does not imply the result of [SD] because in the case of smooth surfaces, Chebyshev coordinates he got are not smooth a priori. However it is not difficult to prove that both approaches gave the same result in this case (under the same initial data).
Our main purpose is to prove the following theorem on the base of the Bakelman result. Theorem 1. Let M be a complete simply connected Alexandrov surface satisfying the conditions: 
, where a + = max{a, 0}, a − = max{−a, 0}. As we mentioned already, the conditions of the theorem are necessary. To prove the theorem, it would be sufficient to divide M onto four sectors by two geodesics such that the condition of the I. Bakelman theorem holds for each sector. Unfortunately, such cutting is not always possible. So we have to complicate construction a little.
From analysis of I. Bakelman's considerations, it is clear that they prove a some more general statement. Namely, let us consider a sector Q on a complete simply connected Alexandrov surface. Let Q be bounded by two curves γ 1 , γ 2 starting at the vertex p = γ 1 (0) = γ 2 (0) of the sector. Denote by τ turn from inside of the boundary of the sector, minus turn at the vertex. We consider turn as a set function; denote by τ + , τ − positive and negative parts of this set function. (In the situation of a smooth curve γ : (0, a) → M on a Riemannian manifold, τ ± (E) = E k ± g ds, where k g is geodesic curvature from inside of Q and we integrate by arc length over the set E ⊂ (0, a).) Finally, setω
Theorem 2. (I. Bakelman) Let sector Q satisfies the conditions: 
Obviously, to prove Theorem 1, it is sufficiently to divide M onto four sectors satisfying the condition of Theorem 2. And it is sufficient to find such partition only in cases of Riemannian or polyhedral metrics. After that, we get general case by standard limit process.
The problem of Chebyshev coordinates existence is closely connected with the existence problem of bi-Lipschitz mapping between two surfaces; we mean mappings whose Lipschitz constants can be well estimated, see [BB, B] . Roughly speaking, the reason is that Lipschitz constants can be estimated via net angles; i.e., as min{inf θ, inf(π − θ)}.
Chebyshev coordinates on M may not exist if C > 2π. Nevertheless, even in this case, it is possible to equip M with "Chebyshev coordinates with bifurcation" at finite number of points". Such generalized coordinates give a bi-Lipschitz mapping of the surface onto R 2 with a well controlled Lipschitz constant. For instance, M. Bonk and U. Lang [BL] proved that, under condi- Finding of generalized Chebyshev coordinates is an inessential modification of the Bakelman proof. We drop the detailed description of the latter proof, but mention that firstly Bakelman built a net on a polyhedral surface. Under the condition of Theorem 2, it is possible to divide a sector (equipped with a polyhedral metric) onto flat parallelograms adjacent one to another along whole sides and forming a lattice of rows and columns. Then each parallelogram is mapped linearly onto a flat rectangular parallelepiped with the same side lengths on R 2 such that these Euclidean parallelograms form a packing of the Euclidian sector. If negative curvature is too big, it may happen that the sector can not be divided onto parallelograms forming a lattice. However, we can change the construction: we allow to be adjacent more than four parallelograms to some vertices (it is enough to do this only for a finite number of vertices). Euclidean images of some parallelograms adjacent to such exceptional vertices can be not rectangular ones in this case.
Let M be a 2-dimensional complete simply connected Riemannian manifold. We call by cross a figure on M formed by three simple arc length parameterized geodesics γ i such that
(ii) γ 1 cuts M onto two regions (half-planes); (iii) γ 2 and γ 3 start at γ 1 and are placed in different half-planes. These geodesics cut M onto four sectors Q i . Denote by α i the angle of a sector Q i at its vertex O i .
We call a generalized cross a similar figure formed by three quasigeodesics on Alexandrov surface.
Theorem 3. Let M be a complete Riemannian 2-manifold homeomorphic to plane and satisfying the conditions:
for some ǫ > 0. Then there exists a cross on M such that ω 2, 3, 4 , and moreover the inequality
holds for every two points In turn, this corollary and the Bakelman theorem immediately imply Theorem 1.
Theorem 3 can be proved basically the same way as Proposition 6.1 in [BL] .
Proof of Theorem 3.
Step 1. According to Proposition 6.1 in [BL] , there exists a geodesic γ 1 satisfying the inequality (2) and cutting M onto two half-planes M k , k = 1, 2, which carry equal portions of positive and negative curvatures .
Therefore for each half-plane, we have:
Consider the half -plane M 1 , the case of M 2 is similar. We wish to find on M 1 a geodesic starting at a point of γ 1 and catting M 1 onto two sectors satisfying the statement of the theorem.
Note, that the inequality (2) follows directly from the first inequality (3) and well-known "arc and chord" inequality see [AZ] , chapter IX, section 2.
As in [BL] , we can assume that our metric is flat outside some compact setD ⊂ int M 1 , and this set is homeomorphic to a closed disk, totaly convex, bounded by a smooth curve, and not intersecting γ 1 . Besides, we can suppose that the half-plane M 1 is also totally convex; it is sufficiently for this to cut M 2 out of M 1 and attach an Euclidean half-plane to M 1 instead of M 2 .
Step 2. Denote by SD the unit circles bundle over (in our case SD is just a direct product SD × S 1 ). Let us define a mapping σ of SD to the set of (maximal) geodesics on the surface M 1 . Namely, if v = (p, θ) ∈ SD, then σ(v) is a geodesic passing through the point p orthogonally to v and oriented so that the couple consisting of the velocity vector of σ(v) at p and the vector v is positively oriented.
It follows from the Gauss-Bonnet theorem and our conditions that σ(v) does not have self-intersections and divides M 1 onto two regions, one of which can be bounded. The vector v is directed inside one of these regions; denote by U (v) just this region. Now define the angle function α(v) on SD: if U (v) is a strip, then α(v) = 0; if U (v) is half-plane, then α = π; if U (v) is a sector, then α is the angle of the sector; finally, if either U (v) or M 1 \ U (v) is a bigone, then α(v) is the angle of the bigon or its complement, correspondingly, at the origin of σ(v).
Observe, that the function α is continuous and has the property:
Now define two functions on SD by the formula:
To finish the proof, it is sufficient to find a vector v 0 such thatk
Let D ⊂ R 2 be the standard unite disk. Let us choose a diffeomorphism φ : D →D with the properties:
Roughly speaking, the property 2) means that φ transforms opposite points of ∂D to opposite ones of ∂D. Now consider on SD := D × S 1 two functions
Observe, that for any x and u the equality k ± (x, u) + k ± (x, −u) = 1 holds. 2 ), 2) h(−u, 0) = −h(u, 0). It remains to prove that there exists a point whose h-image is (0,0). Suppose the contrary. The property 1) allows to glue together all points S 1 × {1} of the cylinder S 1 × [0, 1] (the domain for h) and so to consider h as a mapping from a hemisphere S 2 + . This mapping moves opposite points of S 2 + to opposite points. (We can extend the mapping h from S 2 + to whole sphere S 2 by the formula h(z) = −h(−z). As h(z) = 0, we can normalize h and so get a mapping h ′ : S 2 → S 1 such that h ′ (−z) = −h ′ (z) for all z. This contradicts to the Borsuk-Ulam theorem.)
The theorem is proved.
